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ABSTRACT

In the present paper, we evaluate the general
finite integral involving the elliptic integrals of first species
and the generalized modified Aleph- function of two
variables. At the end, we shall see several corollaries and
remarks.
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I.  INTRODUCTION

Recently Aleph-function of two variables has
been introduced and studied by Sharma [14], Kumar [8],
it’s an extension of I-function of two variables defined
Sharma and Mishra [10] which is a generalization of the
H-function of two variables due to Gupta and Mittal. [7].
On the other hand Prasad and Prasad [11] have defined
the modified generalized H-function of two variables. In
this paper, first, we introduce and study the generalized
modified Aleph-function of two variables. This function
unify the Aleph-function of two variables and the
modified of generalized H-function of two variables.
Later, we calculate a finite generalized integral involving
this function. At the end, we will given several special
cases and remarks.

The double Mellin-Barnes integrals contour
occurring in this paper will be referred to as the
generalized  function of two variables throughout our
present study and will be defined and represented as
follows:
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where Z; and Z, (real or complex) are not equal
to zero and an empty product is interpreted as unity and
the quantities Pia Pi’a Pi”a Pim, in Qi’, Qi”, Qi”’, ml, mz,
M3, My, Ny, Ny, N3, N, are Non-negative integers such that
Q>0 Q;>0, Q;»>0, Q;»>0, T, T T Ty >0 (i=1...... 1),
(i=1....... r)(i’=1... r)(l—l ...... r)

All the A’s, a’s, B’s, B’s, A’’s, B”’s, a’’s, B’’s,
v’s,8’s, E’s and F's are assumed to be positive quantities
for standardization purpose; the definition of generalized
Aleph-function of two variables given above will
however, have a meaning even if some of these
quantities are zero. The contour L, is in the s-plane and
runs from - woo to + woo if necessary, to ensure that the
poles of T'(b; - Pjs — BjH)G=L,...... my),['(dj —5)

I Quree . .
S ey Tiw [] [J'=m4+| I(1 = fiim + Fjint) [I; a1 Dlejom — b_f:"”f]}

(1.4)

G=1,...... mg) and I'(b’j- B’js — B'jH)G=L....... m,) are to
the right and all the poles of T'(1 — a + a5 + Ajt)
Gg=1,...... ny), I'(1 + ¢j8 +ys) G=1,...... ng) and I'(1 — a’j +
a’js— A’t) G=L,...... n,) lie to the left of L;. The contour
L, is in the t-plane and runs from - @ to + woo with
loops, if necessary, to ensure that the poles of I'(b;- Pjs —
BjHG=L....... my), I'(f;- Fit) G=L1,...... my), (1 -+ a’js
- A%t) G=1,...... n,) are to the right and all the poles of
ra - g + oS + Ajt) (j=1, ...... 1’11), (- g + EJt)
GZI, ...... 1’13) and F(b’j - B’jS + B’jt)(j=1, ...... mz) lie to
the left of L,. The poles of the integrand are assumed to
be simple.

The function defined by the equation (3.1) is
analytic function of if z; and z, if
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The integral defined by (2.1) is converges absolutely, if
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§ Ajir —Tin Z Fjim — Ty § Ejui> 0 (1.8)
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m m
largz;| < JEU;; and |argzs| < EU_«,

We may establish the asymptotic behavior in the following convenient form; see B.L.J. Braaksma [5]:
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where 1 = max Re KCJ )} and F2 = max Re KCJ : ﬂ
1sisms Vi 1<55n, E;

The complete elliptic integrals of first species are defined by see Whittaker and Watson ([18], p. 515).

™
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I1. REQUIRED INTEGRAL

In this section, we give a general finite integral, see Brychkov ([6], 4.21.3 Eq.11 page 270).

Lemma
) . %,1,u+%,u+%
Jo 2= (0% K(VT=2)de = T ff*( S ) “
5 )
where

Re(s) > —1,|arg(1 — a?)| <

I11. MAIN INTEGRAL

In this section, we study a generalization of the Aleph-funtion of two variables. We have the unified
finite integral involving the modified of generalized finite integral.

Theorem
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where,

A1=(%—u—n A, B), (-—u—n A B); By = (-u—n";A,B),(-~u—n"; A, B) (3.2)
Provided

Re(u))—%,hrg(l—az”<1‘T_—%{Rﬂ(uj+(d+8) min RP(JJ) —%{Re(u}+(A+B] min Re(;f)

1<jsmg ljsmy 7

1 1
A, B > 0,|largz| < §U3?T, largzs| < 5U4:rr, Uz and Uy are defined respectively by the equations (1.7) and (1.8).

Proof justifiable due to absolute convergence of the integral

To prove the theorem, expressing the modified involved in the process. Now collecting the power of X,
generalized Aleph-function of two variables in double we note the left hand side of the equation (3.1) J, we
Mellin-Barnes contour integrals with the help of (1.1) obtain:

and interchanges the order of integrations, which is

J=fle* i (1+Z‘/g) K(VI—2)R(z12%, 200%)da =

1 .
W\/L /L (P(S,t)el(s)ﬁ'z(t)zfz; .fol putAs+Bi—1 ln(ii—zﬁ) K(m)dx dsdt 33)

We use the lemma, this gives:

J = fol % 1ln (J}tiﬁ) K(V1—z)8(z2%, 22P)de =

wa)ﬁf / b(s, )01 (5)0a(t)22 25 mal?(utAs+Bi+3)

T2 (u+As+Bt+1)

3, LutAs+Bt+1, u+As+Bt+3
aF3

, e a? l4s dt (3.4)
3, u+As+Bt+1,u+As+Bt+1

We replace the Gauss hyper geometric function by the Z series, (see Slater [17]), under the hypothesis, we can
interchanged this series and the (s, t) - integrals, we have:

e’

J = fol z*~1In (}fiﬁ) K(v1-1z) R(z2?, 323’3)(15" = ma L2

3 "
2 mrn '

2 1 As+Bt+1 )
6(5,8)01(s)0a ()22 25 T (u+As+Bt+ ) (u—l— /20’
(27w)? ~/LL La W)=z [2(utAs+Bt+1) (utAstBt+1)2, ds dt (3.5)

Now we apply I'(a)(a), = T'(o + n) the relation where a= 0, -1, -2.....This gives:

T = Jy o o (FE2E ) K(VI= )R, saaP)e = ma g (il o

e 5, £)01(8)02(t) 25 25 FE(“"‘AS"'BHz"'n)
2’M‘)2 /m/ o5, 001(8)62(1) T2 (ut+As+Bt+1+n') ds dt (3.6)
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We interpret these double contour integrals of
the modified generalized Aleph-function of two
variables, we have the desired result. In the following
section, we cite several particular cases and remarks.

Corollary 1.

IV. SPECIAL CASES

Letr, 1 i, 1 —1 the generalized modified
Aleph-function of two variables reduces to modified of
generalized I-function of two variables, this gives

1 - 14a/z / _ oo 3). ’
Joz* ' n (1J—rav\/’;) K(V1—2) (212", 202" )de = Ta 100, (éﬂm*! a®"
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By respecting the conditions and notations verified by the fundamental theorem where 7i, Tir, Ty, Tirr —+ 1 and

1 1
A, B> 0,|argz| < §U§,1T, largzs| < §Ui?r, U4 and U} are defined by

Ty Tio Mg g ma

]
U:; ZZ o+ Z"k}_'_ Z ,I")’j + Z.F)'; + Z’h‘ + ZﬁT =
= == = =

J=1
P, Qe P
= > = Y = Y >0
J=nz+1 j=ma+1l J=mna+l

ey Thg Ty My

U=y Aj+> A+> B; *iﬁ_; +ib}' +S F; -
=1 j=1 j=1 j=1 j=1 =1

F. Qere P
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Jj=na+1 F=my+1 Jj=na+1

Qi Qi

Z Oy — Z ":’Pji — Z J{fj it

j=ni+1 J=mi+1 Jj=ma+1
(4.2)
P [ Qir
> A= >0 Bi— ) B
j=n1+1 Jj=mi+1 Jj=ma+1
(4.3)

We consider the above corollary and we suppose r= r’=r’’=r’>’=1 we obtain the generalized modified H-function defined

by Prasad and Prasad [11] and the following integral.

Corollary 2.

f{; %~ 11n (itzvvg) K(VT =) H(z12?, 22")de = ma 37%5_ (_rn_éii;ﬂ a2n’

_Ijr”h J1+2me neims, g myg g
P42,Q+2:PF Q" Pit QI Pt it

z1 | Ax,(aj, 05, Ahp o (85,05, A5),p, ¢ (¢, 95)1.p0 (€5, Ejp,

(4.4)

zy | (b, 85, B, Bt (b}, 8% Bi)ig, +(dy, 05)1,0.: (fi Fi)g.
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under the condtions and notations satisfied by the above corollary and r=r'=1" =1"" =1, A, B > 0,and

1 1
largz1| < SU3'm, largz;| < SUfw, U3 and U7 are defined by

iy o ns ma Py h Q2
j_z.:xﬂrzu« +Zﬁ +Z@'+Z~y?+26 - N a4 Y 8- Y B
j=1 J=ni1+1 j=mi1+1 Jj=ma+1
P (251 Py
>ooaj— > 55— D, >0 (4.5)
J=mna+l J=ma+1 J=na+1
1 ng Py h Q2
U;’_ZA +Z 4’+ZB +ZB’+ZE +ZF > A= > Bi- > B
F=n1+1 J=mi1+1 J=ma+1
P, @y Py
- 3 A= D B Y E>0 (4.6)
Jj=nz+1 J=m4+1 j=ng+1

Taking (aj)1,p, = (A5)1,p = (@)1, = (A),p, = (Vi)1,Bs = (Ej)r,e. = (B, = (Bihig = (B, =1=
=A=B = (B})1,@, = (6;)1,@s = (Fj)1,Q,, the modified generalized H-function of two variables is replaced by the
generalized modified of Meijer G-function of two variables defined by Agarwal [1], we have

Corollary 3.

1
fol % 1ln (—"Eifz\/;) K(V1 - 7)G(zx, zpz)de = ma "> _n_(éi‘i;q a2n’

z1 | AL (ai)1,p 0 (@))Le 0 (¢i)1,p (e)1p,
ij S 2ima ,ng My g My Ny

PY2.Gio:p g pr qupirgu| 4.7)
z2 | (bj),qusB1: (D))1,Q, i(dj) g, (Fi).q.

under the conditions verified by the corollary 2 and the conditions mentionned at the beginning of the corollary 3,
Al=(GR-u—-n),(3-—u—n)B=(-u-n),(-u—n) (4.8)

1 1
and |argz | < EUlirr, largzs| < EVITI', Ui and V; are defined by the following formulas :

Up = [mq +ny +mg +ng +my +ng — 3(p1 + @+ p2 + g2 +p3 + q3)] (4.9)
and
Vi = [ml +ny +mg+ng +my +ng — %(Pl"'fh +P2+Q2+P4+9‘4}] (4.10)

Let m, = n,= P;: = Q;;=0 the modified of generalized Aleph-function of two variables reduces to generalized Aleph-function
of two variables, this gives:

Corollary 4.

fgl 2% 1]n (1+3\/E) K( 1 :L.,-l‘ 321‘3){14‘ = Ta Z?ﬂ) Ziér)’nrﬁ an
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zz2 | (bj, 85, Bi),m s [7i(0ji, Biis Bji)lmy 41,00, B1

[(‘J ¥ lna:[Ta Cjir, Ji—”}]?i3+llpgu; [E_'.l'?Elerbq_:[Ti’”(ej-e'”’:’:"_ji“’)]n.4+l:P_£,q
4.11)

(d 5 lmg:["'—” jr"‘ 031“’)]1113+1Q‘m{f31 lrm [T:’” f_ja”’: Ja”’)]m.1+l;(.;).‘-m

Provided the conditions verified by the fundamental theorem with the conditions m, = n,= P; = Q;=0 and

1 1
—ym Zy m and U ) . .
4B > Oerga| < gUs"m argz| < SUTm Uy and V" a0 Gefined respectively by the relations

Ty ma P, oy Qi P
Uy 72 “’J+Z B + Z 1i +25 -7 ) i Z By —Tin Z djin — Tin Z viir > 0 (4.12)
j=nit+l j=mi+1 Jj=ma+l j=ns+1
and
Tl F; QJ Qi'!
WIS WS WAL SR O T W
Jj=ni+1 J=my+1 j=mz+1
Qirn P
— T Z Fj.t.ur — Ty E Ej‘l"”> 0 (4‘13)
j=maq+1 j=ngq+1

We use the above corollary m;= 0 and we obtain the Aleph-function of two variables defined by Kumar [8] and Sharma
[14], and we get:

Corollary 5.

1 _ l
Joz* 'In (ifiﬁ) K(V1 = z)R(z12", 222 %)de=ma 3700 DFET“—,. a

21 | Ag,(aj,05, Aj)1n,, [Til@5i, 056, Aji)lny 41,
NU,?11+2:m3 SRy .y
Pit2,Qi 42,1 Pyre Qe Tyre i " Pyove \Qyore Tyrre 0!

2 [7i(bji; Bjis Bji)l1,q.» B :

(C i Vg ) 1meas [T'i”((-' jitr s Vi }]H3+l:P ) [E"? E"Jlth4: [’]"..,"u.r (ﬁ'.'-i”f, Yyire )]Nq-l—].:P.-,rr,r
3 13 4] J i J ¥ J J i

(4.14)
(d 6 lmy ""_ ”{djT"' ajx”)]rn3+1 Qi {fjﬁ 1rn1 ['r:’” fy”’: jé”")]?n.1+l;Q.5.r.r.r

Fif HH

1
With the following conditions M1 = U applied in the corollary 4 and A, B > 0,Jargz| < EU 7, largz| < = U T,

U5" and Uy are defined respectively by the relations

iy iy LT i o, Q,n F'I.-.
Pl et Xt n X e 3 e B b Xope>0 @1
i=1 .r—u*.l. =y 4l J=my+l j=ny+]1
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My Ly ™My
Ur.fr.r ZAJ+ZL +ZF - T Z A]! Ti z By =7y Z Bjir

J=ni+1 j=mmi+1 j=mz+1

Qum P

Y Fr—ton Y Eju>0 (4.16)

j=mg+1 j=naqt+1

Taking 1, ri,’ 1, , 1 —1 the Aleph-function cited in the corollary 5 becomes the I-function of two variables defined by
Sharma and Mishra [15] and we have :

Corollary 6.
Jo 3 n (22 K(VI=2)l(na* o0y = ma 5057 Bt

71 | Ax, (a5, a5, Aj)1,ny s [(@4is 0is Aji)lng 41,

IU.r11+2:mg.nu;m4,?1.l
P,'-I'—g,Qi*.—?;T:P(-H.Q‘-u;i"“lpln.r.Q(-.'.rrgi"“"

Zy [(bjs, Bji, Bji)|1,0., B :

(LJ r}J lrigs [{Jt ]ws+1 AT ( :E_?'}L?Hs:[eﬂ”’-"fj-a"”)]n.1+l;P}-_m
(4.17)

(dg d 1m,3 [(djll”! I}?“)]m-3+l Qe (st )lm.,u [(f?r’" F_;a”')]m.l+l Qs

Provided that conditions and notations utilized in the corollary 5, with 74,7y, 7w — 1, and A, B >0,

1 . . .
largz | < U"’”:rr largzo| < 5Uf“"7r, U3 and U%" are defined respectively by the relations

T na ma F; (=¥ Qi Pire
.fmr —z (\’j—f'z‘)? -+ 26 - Z gy — Z |'3J';' - Z 45j.fff - Z Yiir = O [—118)
j=mn1+1 J=mi+1 J=ma+1 j=na+1
and
1 Ty My Q4 Qv
VD IS YRS SUREE S VR SR S
i—1 =1 =1 j=ni+1 j=myt1 fE—
Qo Pone
Z Fjin — Z Ejin >0 (4.19)
J=my+1 J=na+1

Now, we consider the situation where r=r’=r’’=r"""=0 the I-function of two variables reduces to H-function of two
variables defined by Gupta and Mittal [7] and we obtain :

Corollary 7.

o 24 in (H2) K(VI=2) H(sia™, 200 = ma oo (i o
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Z] Ala(a,’i’?aj}Aj)l};% : {CJ'-.F}:J')J-_-I-':s:.({'J_J"E.}"}]-_-Rl

}-It]-,m +2:img naimy,ng

P+2,Q+2:P”I_Q”:PI”:Q"” (420]

z2 | (b, B85, Bi,g,,B1: (dj,05)1,45 (f5, Fiiq.

By respecting the following conditions cited in the corollary 6 with r=1r" =r""=0 and A,B >0,

1
largz| < §U3?T, largza| < §U47r_, Us and Uy are defined by

n1 n3 ma Py @1 Q3 Py

Uy =Y by i+ 6= 3 o= D 8= Y 54— > >0 (4.21)
j=1 =1 j=1 Jj=ni1+1 Jj=mi+1 F=ma+1 J=na+l
LLD! Ty LLLE Py 21 Q4 Py

Us=) A+ ) B+ Fj— Y A= Y Bi— > F- > B>0 (4.22)
=1 =1 =1 j=ni+1 J=mi+1 J=may+1 J=na+1

Let mi =0i()1,p = (A5)e = (hips = (Bihp = Bra = Bihe = 1=(8)10, = (Fihe. = A= B the H-function of two variables is replaced by the
Meijer G-function of two variables defined by Agarwal [1]. Then

Corollary 8.

fol % 11n (M) K(wl — :}:)G(zlw=

1—a+/z
z1 | Af, (a)1,p,

~0 1 +20mg g iy Ny

CJI)_2~Q+2‘IIJJ!:Q”:P!Ier”J ) )
LI
z2 | (bj)1,Q.,B1:

1
nr)dr=ma 0 % a"’
'l

L

(ci)1,pyi (€5 ),py

(4.23)

(@)1gn: (100

Under the conditions verified by the corollary 7 and the conditions mentionned at the beginning of the corollary 8 and

1 1
jargz| < U largz| < GVim Ui and Vi gre defined by the following formulas :

U, = [ﬂ]_ +m3+n3—%[p1+Q1 +P3+QB]]
and
Vi = [n1+ma+ns—3(p1+ @1+ pa + qa)]

Remarks

We have the same generalized finite integral
with the modified generalized of I-function of two
variables defined by Kumari et al. [9], see Singh and
Kumar for more details [16] and the special cases, the I-
function defined by Saxena [13], the I-function defined
by Rathie [12], the Fox’s H-function, We have the same
generalized multiple finite integrals with the incomplete
aleph-function defined by Bansal et al. [3], the
incomplete I-function studied by Bansal and Kumar.[2]
and the incomplete Fox’s H-function given by Bansal et
al. [4], the Psi function defined by Pragathi et al. [9].

(4.24)

(4.25)

V. CONCLUSION

The importance of our all the results lies in
their manifold generality. First by specializing the
various parameters aswell as variable of the generalized
modified Aleph-function of two variables, we obtain a
large number of results involving remarkably wide
variety of useful special functions (or product of such
special functions) which are expressible in terms of the
Aleph-function of two or one variables, the I-function of
two variables or one variable defined by Sharma and
Mishra [8] , the H-function of two or one variables |,
Meijer’s G-function of two or one variables and

n This work is under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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hypergeometric function of two or one variables

Secondly, by specializing the parameters of this unified
finite integral, we can get a big number of integrals
involving the modified generalized I-functions of two
variables and the others functions seen in this document.
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