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ABSTRACT

In the present paper, we evaluate the general
infinite integral involving the generalized modified I-
functions of two variables. At the end, we shall see several
corollaries and remarks.
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I.  INTRODUCTION AND
PRELIMINARIES

Kumari et al. [8] have defined the I-function of
two variables. On the other hand Prasad and Prasad [10]
have studied the modified generalized H-function of two
variables. Recently Singh and Kumar [15] have worked
about the modified of generalized I-function of two
variables. This function is an extension of the I-function
of two variables and modified of generalized H-function
of two variables. In this paper, first, we define the
modified generalized I-function of two variables. Then
we calculate the finite integral involving this function.
At the last section, we will see several cases and
remarks. The double Mellin-Barnes integrals contour
occurring in this paper will be referred to as the
generalized modified I-function of two variables
throughout our present study and will be defined and
represented as follows:

z1 | {(aj:05, 45 A0 hp  {{e53%, i Cihups < {(€35 B B bopy {953 G5 Gi) b,

o) — JTE1,T1,TN2, 12,3, Ty, 1Ty, Ty
I(z1, z2) IPI~q1;P2:()‘23?13:‘J8;P4:()‘4

a2 | {(bs; 87, BB g : {(dj3 05, D5 D) hgs - {55 F5: F5) bges {(hys Hy Hy g,

B ﬁ fL ﬁ O(s, ) (s)(t)z} zgdsdt

(1.1)

where
0(s.1) = H;":ll I'Bi(b; — B;5 — Byt) H;L;L TA (1 —a; +a;s + Ajt) H;':L IPi(d; — 855 + Djt)
' 31:m1+1 I'Bi(1— bj + Bjs + Bjt) ?1:1;,1+1 A (aj —ajs — Ajt) ?imz+1 IPi(1— dj +d;5 — Djt)

H;Zl Fcf(l —¢; + ;5 — Cjt)
152, 0% (c; — v;8 + Cyt)

=

Hﬂ:]_ FFJ (fj - FQ‘S) ]__[1:’;1 FEj (1 — Cj + EJS)

Y(s) = = S S :
33 s+l TF:(1— f; + Fjs) Hfs S I EJ(ej — E;s)

and

(1.2)

(1.3)
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(1) H;mlIH (h; — Hjt) Hm IS (1 - g; + Gjt) (1.4)

o(t) = .
;4:7”,14_1 I'H; {1 - h + H; f)Hj —ng+1 re (9'} G]t)

where zjand z; are not zero and an empty product is interpreted as unity. Also mj, n;, p;,q;i(j = 1,2, 3,4) are all

positive integers such that 0 < m; < q;;0 < n; < pj(j = 1,2, 3,4). The letters o, 3,7v,6, A, B.C, D, E. F,G, H and

A, B, C and D are all positive numbers and the letters a, b, ¢, d, e, {, g, h are complex numbers.

the definition of modified generalized I-function of two variables given above will however, have a meaning even if
some of these quantities are zero. The contour L is in the S-plane and runs from —woo to +woo with loops, if necessary,
to ensure that the poles of TPi(b;— s — Bit)(j=1,---,my), TPi(d; —ds+Djt)j=1,--- mzj and
5 (f; — Fjs)(j =1,--- ,ma), are to the rlght and all the poles of T™(1 —a; +ajs+ A, t)(; =1,---,n1)
(1 —¢; + Ejs)(j=1,--- ,n3)and 19 (1 — ¢; 4+ ~vjs — Cjt)(j = 1,--- ,ny) lie to the left of ;. The contour Lz is
in the f-plane and runs from —woo to +woc with loops, if necessary, to ensure that the poles of
Bi(b; — Bs — Byt)(i=1,--- m1) ™, -Hit)G=1,- m)rcﬁ(l —¢;+ 8 —Cit)j=1,--- ,ny)are to
the right and all the poles of T8(1 —a; +ajs + Ajt) (5 _1 -y, TPi(d; — 8;s + Dt)(j =1,--- ,my) and
91— gj +G;t)(j = 1.--- ,nq) lie to the left of Lo. The poles of the integrand are assumed to be simple.

The function defined by the equation (3.1) is analytic function of z; and z, if

P1 P2 P3 g1 q2 q3
Y Ajo;+Y Coy+ Y EE; <Y B +> Do+ Y FF; (1.5)
7=1 i=1 J=1 =1 =1 =1

P

ZAA +ZDC +ZGG <ZBB+ZCC+ZHH (1.6)

The integral (3.1) is absolutly convergent if |argz;| < 5Uﬂ', largzs| < éVﬂ‘ where

1 P1 my L2 mz
UZZAJ'Q’J'* Z Aj(!jﬁLZﬁj Z .JB +ZCJ"}J* Z Cj’Yj+ZDJ'5j
j=1 j=ni+1 j=1 j=my+1 j=na+1 G=1

ms

ZD5+ZEE—ZEE+ZFF—EFF>0 (1.7)

Jj=msaz+1 J=nz+1 Jj=m3z+1
V= ZAA— Z A A, +ZBB - Z BB, +ZCC— Z CC—I—ZDD
j=ni+l j=mi+1 j=na+l
g

g4
E D4, +ZGC Z G,G, +ZHH Y H,H,; >0 (1.8)

j=ms+1 j=na+1 j=ma+1

We may establish the the asymptotic behavior in the following convenient form, see B.L..J. Braaksma [5].
I(z1,22) = 0( |21, |25l ), maz( |z1], | 22] ) = O

I(z1,22) = O( |z1),|22|™ ) , min( |21, |22 | ) = 00 :

— mi Ji o h;
o] = 1%1%1}7/13 Re {FJ (F? and oz = 1%?_1%13”.4 Re |H, E
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2y — 1 —1
B = | max. Re |:Ej (PJEJ_ H and 82 = | max Re {Gj (ngj )}
Il. REQUIRED INTEGRAL

In this section, we give an generalized infinite integral, see Prudnikov et al. ([11], Ch2.2.11, 27 page 316).

a—l
de = Q—Lﬂ—lza—v 2B (U )
] V(@2 + 22)(22y? + 22)(/22 + y? + /22y? + 22)V 2 ' 2

a v+1
zﬂ[z, 5 1431 -2 2.1
where

0 < Re(y), Re(2);0 < Re(a) < Re(v) 42

I11. MAIN INTEGRAL

Let,

xQ

(\/:L.z + y2 + \/;52@/2 + 22)1;

We have the general result with an unified infinite integrals with several parameters involving the modified of
generalized I-function of two variables.

Theorem 1

o0 pe—1
I(ZXap, Z2' X q)dx =
f \/ 22 4 22)(22y2 + 22)(\/332 +y2 + \/xzyQ + z2)v ( b @)

r
9=U= -1 SOV QZ (lfyz)“ ]ml,n]+4:mg,ng:m,;,ngzm,.,n,l
n'=0 ' p1+4,91+3:p2,92:P3,93:Pa g4

27020707 | A {(ag5 05, Ay Aj) g+ {(c5595,C3 Ci) s {(e5 B Ej) pss {0955 G55 Gy) Y
) - (3.2)
27925470 | {(by; 85, BjiBj) g B {(dy385, Djs D) bgs + {055 Fjs Fy)bigss {(hys Hys Hy) g,

h;
0<a,2',b,c,d Re(e),2* ¢ [0,a], 0 < Re(a) — (b—a) min Re ( 55 ) 0 < Re(a) — (d—¢) min Re (HJ'EJ)
3

1<) <ms 'F; 1< <my

b—a,d—c > 0where

1 1
largz| < Urr largza| < - V'.?T U and V are defined respectively by the equations (1.7) and (1.8).

N 1) ,(1 — vl _ %,%; 1) J(-vib,d; 1) (3.3)

1), (1—252551), (v —n';b,d; 1) (3.4)
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To prove the theorem, expressing the modified generalized I-function of two variables by the double Mellin-
Barnes contour integral with the help of (1.1) and interchange the order of integrations which is justifiable due to absolute
convergence of the integral involved in the process. Expressing the quantity X¢; in function of x and collecting the power of
X, this gives |

o0 _
Tnul

7— b
0 \/(_LQ 4 22)(w2y2 4 22)(\/$2 1 yz 4 v/wzyz + 32)1;

H(ZXap, Z' X, 4)dz =

xa«l»as«l»ctfl

1 =
— B(s, t)p(s)p(t) 257" .
(27w)? /L1 Lo (5, )9 (5)9(¢) o V@2 + 2) 222 + 2) (Va2 + 12 + a2y + 22)vtbstdt dx ds dt

By using the lemma, calculating the x-integral by using the lemma, this gives:

a:cxfl

geel
I :/ f = i , - — : I(ZXa,b,Z’XC,d)dm =
0 \/(&z + zz)(mzyz + zz)(\/zz + yz + \/xzyz + Zz)-u

_1
(2mw)?

/ / 0(8, t)?;i'(s)t;‘b(f)zszlt z—bs—dtza..s-s—ct—b.s—dl
Ll L2

l+v+bs+di; 1 — ;e;2 ds dt (3.6)

v+bs+di —a—as—ct a+as+ ct atas+ct v+bs+di+1
N 2 +h 2 ok T 2

Using the definition of the Beta-function, we get

$a71

el
I:/ 1 ZX,p, Z' X g)dx =
0 \/(lz n 22)(5623}2 + 22)(\/502 + y2 1 \/m2y2 + ZQ)U { a0 "d)

I‘!( U— e —as Tzrt+b3*dt +1)l-|( a+ﬂ.zs+ct )
('U—O—b.zs-{—d,f, +1)

(2 1 )2 j / U(S,t)yﬁ(s)qﬁ(t)zszft 2bs+a.’tz—as—ct+bs+d.t.
W L, /Lo

atas+ct v4+bs+dt+1
2 ’ 2

oF [ l4+v+bs+di; 1l — yg}dt (3.7)

use the expression of the Gauss hypergeometric function in term of serie Z , (see Slater [16]), under the hypothesis,
=0
" I(a+1)

I'(a) and

we can interchanged this serie and the (s, t)- integrals, then we apply the relation a =
['(a)(a)n = I'(a + n)where Re(a) > 0, then

xa—l

- ]
0 \/(&z + 22)(3:21,2 + zz)(\/:ﬂz + yz + \/.1723;2 + zz)-u

NZX o4, Z' X g)dx = 27710702

Zoo (lfyzjﬂr 1 / 9(3’1 t)'g-‘)(s)gb(t)Z“Z" besfdfzasﬁ»c'tfbsfdt
Ly JLa

n=0""nT  (27w)?

T 1)—rx—a.s—2r:t+bs+dl +1) r u—}—b:s;—dl-l—l +nf)

aodastct 7 T'(14+wv+bs+dt)
(vt (1) r ( 5 +n ) r(eTierdr) Ti+totn+bs+dndt (3.8)

Now, we given several particular cases and remarks.
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IV. SPECIAL CASES

We consider the generalized I-function of two variables, in this situation, we have my = n, = p, = g2 =0 and

Corollary 1

a—1

£
I(ZXao, Z' X, q)dz =
N e Y e T

-\ ¢
oo " ’ ’

1.4 4] m n
LAVE T 2+"Z_f (lf'u (;’U
~ ZEn Tl"! 2 ) 2 )

n'=0

27020707 | Ay {(agi 05, A5 85) 1, {(e55 B Ej) b ps s {(955 G5 G5) s

yny+4: g ,
A _ _ 4.1)
2=z~ z" | {(b; 85, B5;Bj) g By {(f5: Fyi Fi) ba {(has Hy FL) b g,

Provided that: my =mny =py =g =0,b — a,d — ¢ > ( where

_ 1 A_ b1 A_ ma B B g 3 My

5’1—2 305~ IZH 1% 23 - Z 1*5 J+ZEL - Y EE +ZFI4 - Z F,F;>0 (42

1= = j=mi+
j=naz+1 g=mz+1

g4

W:iAsA:r— i AA+§:BB - ZI: BBﬁrZGG Z G,G, + ZHH— S HH; > 0(4.3)
J=1 j=ni+1 j=mi+1 j=natl a1

Now, we consider the above corollary with m;=0 the function defined in the beginning reduces to I-function of two
variables defined by Kumari et al. [8], this gives.

Corollary 2
oo 21 . a‘n.’
[(ZXop, Z2'Xeg)dr =2/72"72T0y ———
f \/ 2+ 2 2)(\/12 +y2+ \/wzyz +22)1; Wzﬂzfzn n'

r ’
(I—U)” (_U)n IO,m+4:m;,n3:m.4]n4
2 2 p11+4,q1+3:p3.93:p4,¢4

27020707 | Ay {(ay5 05, Ay A gy {(e53 B B M ops s {955 G5 Gy) 1

(4.4)
2792°742" | {(byi 85, By By)buar Ba s {(F5: i Fi) bags {(Bys Hyi Hy ) g,
1
Under the conditions verified by the first corollary and m; = 0, and |argz;| < §U{7r: largzs| < EV{ UL VY
defined as follows.
1 m q1 43
=> Aja;— Y Aja;— Y BB; ZE Ej — Z EE; +ZF F— Y FF>0 (4.5)
j= j=n1+1 j=1 j=nz+1 j=maz+1
1 P g1 T4
V=Y A4,- Y AA - BB+Y GG, - Z G,G, +ZH H; - Z H,H, >0 (4.6)
j=ni1+1 i=1 3=1 j=ns+l1 J=ma+l
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The modified generalized I-function reduces to modified generalized H-function defined by Prasad and Prasad [10]. We
have:A,- = Bj:Cj = Dj = Ej: Fj:Gj: Hj: 1 and

Corollary 3

oo ma—l
H(ZX,3, 7' X, 4)dx =
/ V@2 1 2) @22 + 2) (Va2 + 42 + /22y + 22)Y (ZXap, )

co n' I ’

‘ J‘c—%—b—t; a 1—v\" —uw\ T prmynitdima nzima,nzima,ng
2 Tz = - | —_ H ) 3 . .
22n' 2 2 P g1 +3:P2,92:P3,93 P4, qa

n'=0

2zt A"ls{(‘lji-aj,-AJ)}l,pl :{(C?}E'ercj)}l,pz : {(ej;Ej)}l,p:;:{(gj;Gj}}l,pd
' . (4.7)

y-dze-dz {(bj: 85, Bi)}r,a0, B : {(d); 85 D)}1,qQ1{(fj;Fj)}l,q.s:{(h-j%Hj)}Lq.1

By respecting the conditions involving in the theorem with (A; = B;j = C; =D; =E; = F; = G; = H; = 1) and

1 1
largz| < §Ul7r, largzs| < éVl:'r, U; and V; are defined by the following formulas :

nz P2 mz

nq P1
Ulzz%-f Z a — Z B +Z"{] Z ’TjJrZCSj
j=1 j=ni+1 j=mi+1 j=nz2+1 j=1
n3 P3 ma g3
Z 5+ZE - > Ej+) Fi— Y F>0 (4.8)
j=ma+1 Jj=nz+1 7=1 j=m3z+1
L3 P1 mi g1 n2 Pz mz
=Y A= > A+> B— > B+ C— Y Ci+Y D,
7=1 J=ni+1 Jj=1 j=mat+l j=1 j=nz+1 j=1
Ty
25+EG726+ZH72H>0 (4.9)
j=maz+1 j=na+1 j=ma+1
where :
Af= (57050 459, (1- § - 5,5),(1- 28 - i ) Cuibid) (@.10)
Bl =(-%:%9), 1-9489) (v-nibad) (@.11)

The generalized modified H-function reduces to the generalized modified of G-function of two variables defined by

Agarwal [1], we suppose : a=b = c=d =1, then A} = (25%:0,0),(1-%¢—-n;3,3),(1 -2 -n"11.3).
(-v;1,1); By = (-%: 41, (1-221 1) (v—n/s1,1) and we have the conditions :

(@)1 = (A1 = (Vi)1pe = (Cirpe = (E)1ps = (Gi)1ps =1

= (-‘3;")1..4;: = [Bjjlﬂh = (55')142 = (Dj)l.qz = (Fj)l.qs = (Hj)l.eh
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, we have the result:
Corollary 4

ﬂ,_afl

o0
fn \/($2+z2)($2y2+ZQ)(\/_,L.‘2+y2+\/I2y2+22)1;

G(ZX,Z'X)dx =

n' ' '

oo
L., 41 mn N

. a—z+u E : (].—fu) (—u)

2\/}2 zﬁaz’ni! 2 2

n/=0

Z Aiu (a’l)l,PJ : (Cj)l,}?z : (rzj)l:pm (gj)l,p4

M, n1+4me,neims, N3y, Na . -
Gm-'-’lzlh*31132,?2:}33:#3:374,&?4 . (4.12)

2" | (bi)ras Br o (di)1gs + (f3)1,as0 (hi) 1,00
By considering the conditions verified by the corollary 3, about the modified generalized H-function of two variables
and (@j)1p, = (45)15, = ()12 = (Cidrpp = (Ej)1ps = (Gi)1ps = 1, where
Ha

B N ) (4.13)

X

1 1
largZ| < EUlrr, largZ'| < EVnr, Uy, V, are defined by the following formulas :

Uy = [my+ni+me+na+m3+n3—3(01+q +p2+g2+ps+qs)] (4.14)
and
Vi = [ml +ny+ma+ns+myg+ng— %(pl +qa+p2+q+pa +Q4)] (4.15)

In the following, we suppose m; = my = n,= p2= (2 = 0, we consider the H-function of two variables defined by K.C.
Gupta, and P.K. Mittal [6] or the corollary 2 (I-function of two variables studied by Kumari et al. [8] and let: (Aj = Cj = Dj
= Fj = Gj = Hj = 1), we obtain the relation:

Corollary 5

:I_n‘—l

(\/1,‘2+y2+\/x2y2+22)1;

H(ZXap, 2' X, g)dz =

]:O V(@2 + 22)(22y? + 22)

1 s a’”” TL’ ﬂf
2/mTEY e () ()
" 2201\ 2 2

n'=0

27020707 | Al {(azi g A) e (€55 B s {0953 G5) b
HO,n1+4:'m-3,n3:m‘4,ﬂ4 . : (4‘16)

p1+4,91+3:p3,93:p1,94 . .
27427742 | {(by; 85, Bj) g BY  {(F5: Fi) s {(hys Hj) b g,

By using the conditions mentionned in the corollary 2 with mi1 = ma2 = n2 = p2 = g2 = 0, and we have :

1 1
largz | < iU{’w, largz| < iVL”w, U where V7.
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bf”ziaj— Z Zlajuif?_ pz F+§F— Z F; >0 (4.17)
j=1 j=n1+1 j=nz+1 J=mgz+1

ni

g4

VH_ZA _ Z A, ZH+Z(" - Z G, +ZH7 Z H; >0 (4.18)

J=ni1+1 j=ng+1

j=ma+1

The quantities A and B are defined respectively by the formulas (4.10) and (4.11).

Taking conditions:

my = 0; (@)1, = (Aj)1p = (Ej)ips = (Giips =1 = (Bi)1,0. = (Bj)1,e. = (Fi)1,gs = (H)1,4, , we have the
result with The G-function of two variables defined by Agarwal [1].

Corollary 6

cvfl
/ V(@2 + 22) (222 + 22) (/22 + 32 + /22y? + 22)Y

1 > (I”’ 'n' n'
3 ox— 5+Uu —u —u
Y e (F0) ()
2\/_‘2 =20 /| 2 2
n’=0

(wO \n1+dimg,ngimag,ng
p1+4,91+3:p3,93:P4,94

Z (bi)l:fnsBi : (fj)l,%:(hj)l,%

Z Al’ll ((1'1)1,])1 : (‘EJ)I,PM (gj)l,iﬂ-q

G(ZX,Z'X)dx =

(4.19)

under the same notations and conditions that the above corollary and the following conditions are respected.
my =05 ()15, = (Aj)1p0 = (Ej1ps = (Gidrpa =1 = (Bir,as = (B = (Fi)1,¢s = (Hj)1,44, and

1 1
argZ| < §Ul?r: largZ’| < 51«’177, U; and V) are defined by the following formulas :

Ui = [m+ms +ng — 5(p1 + a1 +ps +43)]

and
Vi = ['nl +my +ng — %(pl +aq1+pa +Q4)]

Remarks

We have the same generalized finite integral
with the modified generalized of I-function of two
variables defined by Kumari et al. [8], see Singh and
Kumar for more details [15] and the special cases, the I-
function defined by Saxena [13], the I-function defined
by Rathie [12], the Fox’s H-function, We have the same
generalized multiple finite integrals with the incomplete
aleph-function defined by Bansal et al. [3], the
incomplete I-function studied by Bansal and Kumar. [2]
and the incomplete Fox’s H-function given by Bansal et
al. [4], the Psi function defined by Pragathi et al. [9].

We have the same generalized finite integral
with the generalized modified of the aleph-function of
two variables defined by Kumar [7], Sharma [14].

(4.20)

(4.21)

V. CONCLUSION

The importance of our all the results lies in
their manifold generality. First by specializing the
various parameters as well as variable of the generalized
modified I-function of two variables, we obtain a large
number of results involving remarkably wide variety of
useful special functions ( or product of such special
functions) which are expressible in terms of I-function
of two variables or one variable defined by Rathie
[12], H-function of two or one variables , Meijer’s G-
function of two or one variables and hypergeometric
function of two or one variables . Secondly, by
specializing the parameters of this unified finite integral,
we can get a large number of integrals involving the

m This work is under Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 International License.
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modified generalized I-functions of two variables and
the others functions seen in this document.
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